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In this paper, we first establish quadrature formulas of trigonometric interpola-
tion type for proper integrals of periodic functions with periodic weight, then we
use the method of separation of singularities to derive those for corresponding
singular integrals with Hilbert kernel. The trigonometric precision, the type, the
estimate of the remainder, and the convergence of each quadrature formula derived
here are also established.  © 1998 Academic Press

1. INTRODUCTION

In [ 1], the author systematically discussed singular quadrature formulas
with the highest trigonometric precision for the singular integral with
Hilbert kernel

27

(Hf)(t):j w(r)f(r)cotTT_tdr, te[0,2n), (1.1)

0

where w(7) is a given non-negative function with period 2z which is known
as the weight function, f(7) is a function with period 27, and the integral
is understood as the Cauchy principal value integral with (Hf)(0)=
lims_, o [3" 72 w(7) f(r) cot i dr. For its existence w(r) and f(r) are
assumed further to be Holder continuous, denoted as w, fe H,,.

In the present paper, we shall consider a kind of quadrature formulas for
(1.1) regarded as of quasi-interpolation type. The quadrature formulas with the
highest trigonometric precision established in [1] are also of this type, the
nodes of which must be chosen appropriately. Therefore they are not very con-
venient in applications. The nodes of a quadrature formula of this type may be
chosen arbitrarily, so it is sometimes more convenient in applications.

We first establish some results for trigonometric interpolation, then use
them to establish quadrature formulas of trigonometric interpolation type
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of proper integrals for periodic functions with periodic weight functions.
Finally we use the method of separation of singularities to derive quad-
rature formulas for (1.1). The trigonometric precision, the type, estimate of
the remainder, and the convergence of each quadrature formula derived
here are established. The application of these results in this paper to
methods for the numerical solution of singular integral equations with
Hilbert kernel will be given in a forthcoming paper.

2. TRIGONOMETRIC INTERPOLATION

Let H! denote the class of all trigonometric polynomials of degree not
greater than n. We regard H! = {0} if n<O0.
Let H'(a) denote the family of trigonometric polynomials of the form

a,sin(nt +a)+ T, (1), T, ,eH' |, 0<a<m, (2.1)

in which a,, is called the coefficient of the term of degree n, and regard
HI(x)={0} if n<0. It is obvious that any trigonometric polynomial of
degree n (n>0) cannot belong to two different classes H(a,) and H](a,)
(o # o), while HJ(a) is {0} when o =0 and the set of all constants when
oa#0.

For n different points ¢, ¢,, ..., ¢, in [0, 27), we set

Tt
R

A,(t) =[] sin (22)

j=1

For f e H,, we introduce the trigonometric interpolation operator (TIO) of
the form

(T f)2)= ) T, (v) f(1), (23)
j=1
where

21’1((?) csc ! _2 L , if n is odd,
T4 (t)=<¢""7". 24
o 4.0) Sln((T_lj)/zjw(_qs)cscr_lj if n is even =Y

24,(t;) sin(o — @) 2’ ’

T 1 Z

O0<a<m  a#¢, (2.6)

and [ 0], denotes the number congruent to 6 (mod x) in [0, x).
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Remark 2.1. When n=2m, A,(t)e H'($), we call ¢ the characteristic
number of 4,(7).

Obviously,
HT if n=2m—1
TA ) m—1° b 2
””G{H;(a), it n=2m, (27)
therefore
HT if n=2m—1
T4: H m—12 ’ 2.8
neHon = {H;(oc), it n=2m. (28)

Here T3, , is just the known classical trigonometric interpolation by
using an odd number of knots; T4 is called the trigonometric interpola-
tion in H(a) by using an even number of knots [2,3].
Let
o4 =1—T4

n?o

(2.9)

where I is the identity operator. Then 67 is called the remainder of TIO
(2.3). By the uniqueness of the classical trigonometric interpolation and of
the trigonometric interpolation in H/(«) (cf. Lemma 2.1 in [2]), we have

LEmMMmA 2.1.

ar if n=2m—1
k 54 — m—1° >
er {0} {H;(oo, if n=2m.

ExampLE 2.1. If we take a=[n/2+¢],, then

"oA4,(t) T—1t;

y csc

24(1)) 2

ft),  ifnisodd,

(TIN@=9%"" ( ; ) (2.10)
T T—1t;
" cot —— f(1)), if nif even,
j; 24,(1)) 2 !
HT if n=2m—1
A m—1° s
ker{‘s"}‘{Hz([n/zw]n), it n=2m (10

Such a trigonometric interpolation operator is said to be of normal form.
It is just the proximal interpolant given in [4] by Schoenberg.

When f possesses analyticity, we may give J7f a clear representation.
Assume that f'is a 2z-periodic function analytic on the rectangular domain
D,={z,0<Rez<2x [Imz|<r} (r>0) with the boundary dD,. We
denote fe AP(D,) and discuss the remain of its TIO in the following.
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In the first place, we assume e C%,. Let

T—t .
Flr. )= [f(r)—f(2)] cot 5 if t#¢(mod 27), (212)

21'(1), if 7=1¢(mod 2n).

It is obvious that F(z, t) is a continuous function of 7z and ¢ with period 27.
Sometimes we treat ¢ as a parameter and write F(z, t) as F (7).

LemMA 2.2. Iffe HX(P), then F(t)e HX([in + B1,), or, more precisely,

F(z,t)=a,[ cos(nt + f§) + cos(nt + f5)]

n—1
+ Y [A4, ;(t)sin jt+ B, (1) cos jt], (2.13)

Jj=1
where a, is the coefficient of the term of degree n of f, A; and B, eH].T.

Proof. 1Tt is sufficient to prove the case f(t)=sin(nz + ). This is easy.
In fact, denoting w=e” and z = ¢”, we have

[sin(nt + ) —sin(nt + )] cot TT_t

1. . w4z
=5 [eP(w"—z"y+e Flw "—z7")]
w—z

1 . n_1 o
=—¢ {w"—i—Z Y w""z-’+z"}
2 P2
1 . n=l o
+e’”{w”+2 Y w”+~’z~’~|—z”}
2 =
=cos(nt + f) +cos(nt + )

n—1

—2 3 [sin((n—j) t+ p)sin jt—cos((n—j) t + f) cos jr].

Jj=1

Let

if n=2m-—1,
A,(z, 1) = (2.14)
if n=2m.
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LemMA 2.3. For any fixed t,

H if n=2m—1,
H(a), if n=2m,

m

An(-,t)E{ (2.15)

where o is given in Example 2.1.

Proof. The second conclusion follows immediately from (2.13) and
Remark 2.1. For the case n=2m—1, let p,, _,(7) =[]/_, sin %(r—lj) with
p., =1, the conclusion results from (2.13) and

A 0 =sin S, (@)= p (0T eot TS s S, (o)
(2.16)
THEOREM 2.1. If fe AP(D,), then
1 A,(t, z)
A - n
(N0 =g | 12T (2.17)
if A"(T)f(z)csc Z_sz, if n=2m—1,
y dn Jop 4,(2) 2
GN@=4"T C (2.18)
Il oo 4,(2) f(z) cot 7 dz, if n=2m,
or
1 . 27 + ir AI’I(T) z—71
o Re {ZL 1) f(z) csc 7 dz},
if n=2m—1,
(@Nm=1 if I . (2.19)
e e {l L An(z)f(z)cot 2 dz},
if n=2m,
and
;
64/] <coth <2> 10, 1471 (220
where T2 is a TIO of normal form and ||| and |-|, denote the sup-norms

of a function on [0, 2n] and the line-segment z=x + ir (0 < x < 2n), respec-
tively.
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Proof. We prove only the case n =2m — 1; the case n =2n is similar. By
(2.16) and (2.13)

T, (1) lfh foy B2 (2.21)

= Ani A(2) m—1

In (2.21), if 4,(0)=4,(2n) =0, we understand it as the Cauchy principal
value integral. Again by the residue theorem, for 7 in the interior of 0D,

_ 1
" Ani

z—

f(z) LD f(z) cot ==L g, (2.22)

and this still holds for 7 =0 (27) by the extended residue theorem due to
Jian-ke Lu [5, p. 75]. In fact,

1
—_j f(2) cot = dz = [sp(0) res(0) + sp(27) res(27)] = £(0),
4rmilap, 2
where sp(x) denotes the span at x with respect to dD,, for example,
sp(0) =sp(2n) =1, and res(x) the residue of the integrand f(z) cot z/2 at x.
Thus,

A,(7) f(z) osc z—1

dz, (2.23)

in particular,

woa(t)=f)=(T )t) (=1 ..n).

Finally, by Lemma 2.1, we obtain (2.17) and (2.18). Noting that f possesses
the periodicity and the Schwarz symmetry (i.e., f(Z)=f(z)) by (%)= % (#
denotes the set of real numbers), and the principle of the Schwarz sym-
metric extension, so does the integrand in (2.23). We obtain (2.19) from
(2.18); (2.20) follows from (2.19).

Remark 2.2. For further use, we need to rewrite (2.18) as

4,(7) flz) z—7 .
fon=2m—1
dmi Nop AT 4 AT m=2m=l

(0, )() = (2.24)

400 ¢ flz) ozt L
e *LD,_ 4 2) cot 3 dz, if n=2m.

n

To do this, we understand the integrals appearing in the right-hand side of
(2.24) as the singular integrals when either 4,(0) =0 or =0. In particular,
they are of higher order when both 4,(0)=0 and t=0 [5, 6].
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Remark 2.3. The method applied here is also valid for the general TIO
given in (2.3).

ExampLE 2.2. Taking 4,(t)=sin(int+0) with an arbitrary real
number 6, from (2.20) we obtain

62 f]| < coth (3r) sinh ~'(3nr) || /], = O(e /2 ) as n—oo. (2.25)
Analogously, for the more general case, we have the following.

CoRrOLLARY 2.1. If fe AP(D,) then
195 f 1| < coth (3r) | f1I, sinh ~"(5r). (2.26)

In particular, if r>2In(1 + ﬂ) then ||62f] >0 as n— oo.

3. QUADRATURE FORMULAS FOR PROPER INTEGRALS

In this section, we discuss the quadrature formulas for the proper
integral

Df:j:” w(z) f(z) dv. (3.1)

It is well known that the general form of the quadrature formula for (3.1)
with the nodes {7, .., 1,} is

2n n
fo w(t) flr)dex ), H;f(1,)=:Q;"f. (3.2)
j=1
The right-hand side is known as the quadrature sum.
We may arbitrarily choose the nodes {7;} and the coefficients {H,}, in
as much as the structure of the quadrature formula is arbitrary. Certainly,
we hope that (3.2) will possess suitable accuracy for the class of tri-

gonometric polynomials through the appropriate choice of {#;} and {H}.
Let

R°f=Df-Q;"f (33)

which is called the remainder of (3.2).

DeriNiTION 3.1 If H, | =ker {R?"}, but there exists some T, € H/,

such that RZ?T,, #0, then we define the quadrature formula (3.2) to have
the trigonometric precision of order m — 1, denoted as pr(Q?”)=m— 1.
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We mention that (3.2) does not possess the trigonometric precision of
order n, however we choose {¢,} and { H,}. This may be easily seen by con-
sidering the trigonometric polynomial 42. But from [1], we know that
there exists the quadrature formula with the trigonometric precision of
order pr(Q#?)=n— 1. For such a quadrature formula with the highest tri-
gonometric precision, the nodes must be chosen suitably. We may both
arbitrarily choose the nodes and ensure that the quadrature formula
obtained possesses a certain trigonometric precision.

DErFINITION 3.2, If pr(Q#?) > [4(n—1)], we say (3.2) is the quadrature
formula of interpolation type, where |x| denotes the integral part of x.

We set
Q,”f=DT,f, (34)

where TZ is given by (2.3). Then (3.2) is the quadrature formula of tri-
gonometric interpolation type by Lemma 2.1 and

1 2n T—1;
R A J
ZAZ(ZJ)L) w(T) 4,(1) ese == dr,
if n=2m—1
o , 35
’ ;f”w(rzl T)Sin[(l/z)(f_’.f)+“_¢]cscr_[‘jdf >
24,(1) Jo ' sin(e=9) *
if n=2m.

On the other hand, for the case n=2m—1 (odd), if (3.2) is of
trigonometric interpolation type, then for T , in (24), D(T} )=
Q;”(T; )=H,, ie., H,is given by (3.5). Therefore the quadrature formula
of trigonometric interpolation type is unique for the fixed nodes {¢;}.

THEOREM 3.1. In case n=2m—1 (odd), the quadrature formula (3.2) is
of trigonometric interpolation type iff its coefficients

1 2n
szm L w(t) 4,(7) csc

T—1

7 L dr (j=1,..,n). (3.6)

In case n=2m (even), for the fixed set of notes {#;}, the quadrature
formula of trigonometric interpolation type is not unique in general. To see
this, we must introduce the concept of the type of quadrature formula (3.2).

It is interesting to note that there is an essential difference between the
concepts of algebraic precision and of trigonometric precision. A quad-
rature formula having the algebraic precision of order m — 1 is not exact for
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any algebraic polynomial of degree m, but a quadrature formula having the
trigonometric precision of order m—1 is exact for certain trigonometric
polynomials of degree m and not so for the rest. This will be verified as
follows.

DeriNITION 3.3. If pr(QZ?”?)=m—1 and H](«x)<ker (R?”), we say
(3.2) is of HI(a) type, denoted as ty{Q:"} = H(«).

m

Obviously, (3.2) could not possess two different types. In fact, if
ty{Q7”} = HI(a) and ty{Q:”} = H () with a# f, then both sin mtr and
cos mt belong to ker {RZ”}. Thus pr(QZ”) >m, which is a contradiction.
Moreover, any quadrature formula possesses some type. If pr(Q7”)=
m—1, setting f(r)=cosmr and g(r)=sinmz, we know either
¢n=RIP(f)#0 or s,,=R?’(g) #0. Taking

arc ctg <—C’">, if s, #0,

m

(3.7)

o=

0, if s,=0,

and (t) = sin(mt + ), we have R*°(y) = 0.

DerFINITION 3.4, If ty{Q”} 2 H[(«) where r=[%(n+1)], we then
define (3.2) to be of a-interpolation type.

Obviously, a quadrature formula of a-interpolation type is surely of
interpolation type. For n=2m — 1 (odd), by Theorem 3.1 there exists only
a quadrature formula of a-interpolation type and « is just that given in
(3.7). Therefore the trigonometric precision of a quadrature formula may
completely portray the character of its interpolation. But for n =2m (even)
there are many different quadrature formulas of interpolation type, more
specifically, there is one quadrature formula of a-interpolation type at least
for each a (#¢), and so the character of a quadrature formula of inter-
polation type must be portrayed via its type.

THEOREM 3.2. In case n=2m (even) and o is as (2.6), the quadrature
formula (3.2) is of a-interpolation type iff its coefficients satisfy
sin[ (1/2)(t—1)+a—¢]
sin(o — ¢)

1 2n
H=—— Y|
J ZA’,,(IJ) J;) M)(T n(T)

X csc Slde (j=1.n). (3.8)

Proof. By (2.7), we have (3.8) < H,=D(T; )< Q;”f=DT; f<
HI(o) =ty{QZ"}.
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Remark 3.1. 1Tt is possible that a quadrature formula of a-interpolation
type is possibly the same as a quadrature formula of f-interpolation type
though a #f, for example, the quadrature formula with the highest tri-
gonometric precision established in [1]. But in this instance the set of
nodes {¢#;} is not arbitrary.

ExampLE 3.1. The quadrature formula (3.2) is of trigonometric inter-
polation type when n=2m —1 or of a-interpolation type when n=2m,
where a is given in Example 2.1, iff its coefficients are

1 T—t

2n .
mfo w(t) 4,(7) csc 3 L dr, if n=2m—1,
Hy=q¢ 17 L . (3.9)
mjo W(©) 4,z ot SLdr, it n=2m,

and the remainder is
RPf=D5?, (3.10)

where 67 is as (2.9).

Such a quadrature formula of trigonometric interpolation type is said to
be of normal form. From now on, we only discuss the quadrature formulas
of normal form although the method may be applied to general cases. First
we extend (1.1) to the whole complex plane &,

T—

zzdr, ze%, (3.11)

(7)) = [ o) f(o) ot

and introduce another operator with the cosecant kernel for the function
in the class H,, (the class of the Holder continuous functions with

Sz +2m) = —f(2)):

T—Z

(Ff)(z) = j T fl) ese L dr, ze%. (3.12)

When z is a real number, we understand (3.12) as the Cauchy principal
value integral, in particular, for j= +1, .., (Hf)(2jz) = (—1)/ (Hf)(0) with

2n—0

(FIf)(0) := lim w(t) f(r)csc%dr

0—>0 Js

:J:n w(7) f(7) sin%dr-i—fozn w(t) f(7) cos%cot%dr. (3.13)
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We point out that both (Hf)(z) and (Hf)(z) are not continuous at z =1
(teR) except when w(t) f(7) =0. In fact, introduce the functions

He {(;:ﬁ(r )f(t)+(Hf)(t) i in:t;?{z:o; (3.14)
(Hf)(z):{(i{ggzz) S(0) + (Hf)(1) i ?iztjn(l’zzo; (3.15)
e {(2%)(( )f(t)+(ﬁf)(t) i fiztjri’z:o; (3.16)
s )(Z)z{(HQ;Zvir)f(r>+(ﬁf)(z) 1? ?izzjfl}:o; (317

then, by the Plemelj—Privalov theorem [5, 7], we know that H*fand H™f
are, respectively, analytic in ¢ * = {z, Imz>0} and ¥~ ={z, Imz <0}, as
well as in the class H,, on 4 ={z,Imz>0} and ¥~ = {z, Im z<0}. By
analogy, H*f and Hf are, respectively, analytic in 4" and %, as well
as in the class Hz,r on € and . We write them as H+feA *H,,,
H*fed H,, A*feA*H,, and H fe A~ H,,, respectively.

Remark 3.2. From the above discussion we know that H*: H,, —
A*H,, ,H :H,, - A H, ,A*:H,, - A H, , and H: H,, > A~ H,,.
Let

(HA4,)(z), if n=2m—1,

Ai(z) = {(HA )z), if n=2m. (3.13)

This function is called the associated function of A, with respect to the
weight w(¢). It plays an important role in the following discussions. Now
we may rewrite the coefficients, given by (3.9), of the quadrature formula
of normal form as

(j=1, .., n). (3.19)
In addition, let
(3.20)

Remark 33. (4%)* (t;)=(4))(t;) = 4%(t;) by (3.14)—(3.18), therefore,
by Remark 3.2, 4% is Holder continuous at z=¢; and on each of the
straight lines z=1¢;+iy (—0o<y<+o) and z=x+ic (—o0 <x < + 0,
¢ 1s an arbitrary real constant).
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TueorReM 3.3. If fe AP(D,), then

1
RIS =—— d 321
: i J@Drﬂz) o % (321)
or
1 ) 27 +ir A*(Z)
apgp _ L n
RS =5 Re {’L USye dz} (3.22)
and
|4
R2r1< A5 g, (3.23)

Proof. We only prove the case n=2m — 1. Noting Remark 2.2 and the
periodicity of the integrand, we have that

1 fa) 2t

Ari dop, A(2) 2 dz
1 2w —ir 27 + ir f(Z) z—T
S - 24
4m{f_,-, J, }An(z)csc 7 % (3.24)

hence, by (3.10), (2.24), (3.24), and (3.18), we get

vl e g

1 4(z)
= T ani LD Ut

Of course, in the case 4,(0) =0, the last integral above should be under-
stood as the Cauchy principal value integral which actually exists because
A% is Holder continuous on 0D, from Remark 3.3. The rest of the proof is
obvious.

COROLLARY 3.1. When

fe HT |, if n=2m-—1,
H,(a), if n=2m,

where o is that given in Example 2.1, then

Y EE A

ani Jop, 7 4,(2)
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in particular,

ExampLE 3.2. For illustration, we consider the case w(r)=1 and
A,(t)=sin(3nt+0) with arbitrary real 6. In this case, t;=(2/n)
(jr+[—0]1, (j=0,.,n—1) and

2ei(12)nz+0). if Imz>0,

A¥(z) =< 2m cos(nt +0), if z=z, Imz=0, (3.25)
e —((1/2) nz+0). if Imz<O,
271_ n—1

Qrf— 2~ Z (1)), (3.26)
=0

and if f e AP(D,), from (3.23),

IRZPf| < 2n(coth nr—1) | f],= O(e™™) (asnm— o0). (3.27)

We get also the following corollary noting

|4;¥ || <coth (5r) DI. (3.28)

COROLLARY 3.2. [If fe AP(D,), then
IRZPf| < coth (3r) D1 sinh ~"(3r) || £, (3.29)

In particular, when r>21n(1 + ﬁ), then |R?Pf| -0 as n— oo.

4. QUADRATURE FORMULAS FOR SINGULAR INTEGRALS

In this section, we discuss quadrature formulas for (1.1). We need further
some properties of the associated function 4*.

Lemma 4.1. When te[0,2n) and t #1; (j=1, .., n),

A1) n t,—t
An(t)_(Hl)(t)—j; H,cot /.
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Proof. When n=2m—1, by (2.14), Lemma 2.3, and Theorem 3.1, we
have

(A4, )(7) = f:" Ww(t)A, (7, 1) de + 4,(1) f:” w(t) cot " de

=Y HA,1) COt%—l— A (H)(HI)(2).

This is just what we want to prove. The proof for the case of n=2m is
similar.

We have pointed out before that 4f is continuous at z=1¢;. Now we
further prove that it has the following sectional derivatives at z=1,.

LemMmA 4.2. Let

z (4.1)

then

(4¥]5) (1)=: lim

%(HAn L)), if n=2m—1,
=14 _ (4.2)
i(HAn])(t])a lf 71—21’1’!,
*(o) A%
(AFlpe) ()= tim ArEI A
" z—>0,zeD] z—1
_ %(H+Art,j)(tj)a lf n—2m—1, (43)
%(H-'—An,j)(tj); lf n=2m, )
A¥(z)—A%(t
(AFlp ) ()= tim  ArEI AN
r ‘ z—0,zeD; Z_tj
YH~4, )¢, if n="2m—1
={?(~ w0 n=dm (44)
s(H™ 4, (1)), if n=2m.
Proof. We only prove the case n=2m — 1. Noting
A7(z) = A1) _sin(1/2)(z — )(HA )()+cos(1/2)(z t) 1DA” )
z—1 z—1 z—t -/

by Remark 3.2, we obtain (4.2)—(4.4).
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Remark 4.1. We know that (4.2) is the derivative of the restricted func-
tion 4%|, of 4% on %, which is often used. For simplicity, we agree that
the derivative (4,%[,)" (¢;) is always denoted by (4,F)" ().

Now we use the method of separation of singularities to derive quad-
rature formulas for the singular integral (1.1).

(70 = [ Wl o) (0] cotTT_lerrf(t)(Hl)(t)

X

H;[f(1;) = f(1)] cot ’ o)

ti—t  AX(1)
H,;f(t;) cot 3 +A,1(z)

S(0).

Hva \I_\‘Mx

~

In the last equality we have used (2.12), Example 3.1, and Lemma 4.1.
For

APy = Y t—t AX(1)
(Q, )(Z)_j;lH./'COt 7 f(t,-)+An(l)

S(@), (4.5)

we obtain the quadrature formula of (1.1):

(Hf) (1) = (Q;"f)(1). (4.6)
In the above quadrature sum, when ¢ coincides with some ¢;, we must
understand (Q2°f)(¢) as its limit value, namely,

n

Q)= % Hyeot ™ fle) + K f(e) + 2,1 (1), (47)

r=1,r#j
where

U A
5="uw aay

(4.8)

with (4%) (¢;) given in (4.2) of Lemma 4.2 (recalling the agreement in
Remark 4.1). In fact, by (3.19) and (4.1)

y—t A*(t)] :2{ 43(1) }
An,j(t)

K;=lm | &, 2 AL
)
)

L) A
a0 a

t:Ij

Summarizing the above results, we have the following theorem.
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THeOREM 4.1. If fe C’,, then

(Hf)(1) = Q7 f)(1) + (Rf)(1), (4.9)
where
) ti—t AX1)
j;l ij(tj co 2 +An(l) f(l)a
Q=4 0 (4.10)

Z H.c f )+ K f(t)+2H,f'(1)),

r=1,r#j 2
i

where A, H;, K; are given by (3.18), (3.19), (4.8), respectively, and

(RAf)(1) = RAP F, = j )64 F)(x) dr. (4.11)

We treat the concepts of the trigonometric precision and the type of the
singular quadrature formula (4.9) similarly to those of (3.2) in Defini-
tion 3.1 and Definition 3.3.

COROLLARY 4.1.  For (4.6), pr(Q2*) > [3(n—1)] and ty{Q2"} 2 H(¢)
when n=2m, with ¢ being just the characteristic number of 4,,.

Remark 4.2. We point out that (4.6) need not be of interpolation type.
In fact, if it is of interpolation type, then it is necessary that pr(Q:Z")>
[in] because the number of its nodes {t;, 1} is n+ 1 instead of n, but only
pr(Q2”)>[4(n—1)] from Corollary 4.1. So, the quadrature formula (4.6)
derived via the method of separation of singularities is called the quad-
rature formula of quasi-interpolation type. This fact is very surprising and
does not happen in the corresponding discussion of singular integrals with
Cauchy kernel. The quadrature formula of interpolation type for (1.1) will
be discussed in another paper.

THEOREM 4.2. If fe AP(D,), then the remainder of (4.9)

A __L A% (z) z—t
(R1)0) = =5 - LD S et =i, (4.12)

1 27 + ir A* _
(RZ'Hf)(t)=—2nRe{iﬁ f(z)A”((ZZ))cotzztdz}, (4.13)
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and

a4z
4

. (4.14)

r

r
w1 <cott (1) 171,

n

Remark 4.3. 1In the first place, we need to explain in detail the integral
in (4.12): when 4,(0)=0 and ¢##0(27) it may be understood as the
Cauchy principal value integral by Remark 3.3; when 4,(0)#0 and
t=0(2x) it may be understood as the (one-sided) Cauchy principal value
integral because both (4})* (0) and (4F)~ (0) exist by Remark 3.2; when
both 4,0)=0 and r=0(2n) it may be understood as the (one-sided)
higher order singular integral because both (4}[;5+)" (0) and
(4%|,p-) (0) exist by Lemma 4.2. The definition of the (one-sided)
singular integral may be seen in [8, 9].

Under this interpretation, from (3.21) and (4.11), we get

z—tAX¥(z)
2 40"

1
RIf)0)= == | [f()—f(1)] cot

47Zi oD

1 A¥ —
e LD f(2) A"((ZZ)) cotZ2 tdz

NN HEBNERY

D dz.
ami dop, 2,2) 2

Thus, we only need to prove the following lemma which possesses inde-
pendent significance.

LEMMA 4.3.

1 AX¥(z) z—t
— - ——dz=0. 4.1
4mi LD,_ A4,(z) cot 2 d==0 (4.15)

Proof. First assume that 7 # ¢;. By Remark 3.2 and the extended residue
theorem [5],

i cot dz=sp(r) res(1)+ ), sp(z,) res(t;), (4.16)

1 f (45t (z) z—t u
i Jopr A,(z) 2
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where sp(x) denotes the span at x with respect to D and res(x) the
residue of the integrand [(47)*(z)/4,(z)]coti(z—¢) at x. Noting
sp(1) =3, sp(;) =3 since D," is a rectangular domain, we get

1 (4¥)"(z2) z—t
TW'LD,* £,z Oy
)T & AN () =t
VRT) +,§1 ) (4.17)

It must be pointed out that one of ¢ and ¢, is possibly 0, say ¢, =0, in
this instance sp(¢,)=1/4, but since the periodicity of the integrand
[(4¥)" (2)/4,(z)] cot 3(z—1), 27 is also a singular point, hence, in the
sum of the right-hand side of (4.16) we must replace the term sp(¢,) res(z,)
by the sum sp(0) res(0) + sp(27) res(2n) which still is equal to ires(z,).
Therefore (4.17) still holds. In the same way, we have

1 (A;ki(z) z—1
UH () n 4Dyt
IVED) +j§1 240(1)) cot =5 (4.18)

From (3.14)—(3.15) and (3.20), we know

)" (1) =247(7),

{(AZ"V ()
T ) (1) =4niw(t) 4,(7),

(457 (1)

n

+(47
— (4

Therefore, by Lemma 4.1 and (4.17)—(4.19), we obtain

1 A¥(z) z—t
i Lo

cot dz

_ 49 (¢ z—t, 1 (4%) (z)  z—t
= Luj 42 cot 5 dz+4m,LD; 402) cot 3 dz

1 27 (A5)" (1) —(4F) (7)) t—1
~ L 4(0) cot 7 dr
AX(t) & t
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Applying the technique used in (3.24), we also get

ﬁ j >, ji‘((zz)) cot Z;lj dz
“wtl, L aE e
-t il L e e
:}Ln}j 4%” LD’ jik((zz)) cotZ;tdZ=0.

This completes the proof of this lemma and hence Theorem 4.2.

COROLLARY 4.2 When

T if n=2m-—1,
4 E{Hmw), if n=2m,

where ¢ is the characteristic number of 4,, then

t
dz=0.

Lj )A:(Z)Cotz_
anilon,” A (2) 2

ExaMpPLE 4.1. In the case stated in Example 3.2, we have

2 "t —t 1
—” Z (1) cot 2= 4 27 cot <2nl+9> 10,
1f t#t;,
QD=4 5 i o (420)
— X cot’2’+—f’(t,.),
Jj=0,j#r n
it =1,

where t;= (2/n)(jr + [ —0],) and if f € AP(D,), from (4.14)
IR2¥f|| <27 coth Sr[coth 3nr —17 [|f],. (4.21)

It follows that |RZ¥f|| = O(e ") as n — co. The result with § =0 is just the
same as that obtained by Chawla, Ramakrishnan, and Ioakimidis [ 10, 11].
It should be noted that the first two authors obtained this quadrature
formula only for the case n is even and loakimidis did not give any
estimate of the remainder.
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COROLLARY 4.3. If fe AP(D,), then, from (4.14)
IR;7/l < coth (3r) D1(sinh 3r) =" || 1, (4.22)

In particular, when r>21In(1 + ﬂ) then |R27f| -0 as n— co.

We have seen that the singular quadrature operator Q#¥ must be
defined on C%,, or rather on C%,(4,) which denotes the class of all func-
tions belonging to C,, and with derivatives at ¢; (j=1, .., n). This is not
convenient in applications. For this reason, we introduce an interpolation
operator as

L7 Gy = Coy(4,) (4.23)
with the interpolation property
(LA =11)  (j=1...n). (4.24)
The trigonometric precision of L is defined by
pr(L;) =max{j, H <ker (I-L;)}. (4.25)

We agree that pr(L?)= —oo if 1¢ker (I—L?) and pr(LY)= 4o if
H] cker (I-L;) for any integer ;.

There are many such operators, for example, T given in (2.3). Replacing
f by L?fin the quadrature operator (4.10), we obtain QZ”L/ f, denoted
as (QL)Z7 ie.,

QL) f)(1)
¥ oot flo) + SH w0,
= ! t#"’ (4.26)
S ot ) KA + 2L ),
it =1,

where K is as in (4.8).
ObV1ously, we have

pr((QL);") =min{pr(Q;"), pr(L;)}. (4.27)
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Taking L?=1 on C,,, we reobtain the previous result. For another
example, taking L?=TZ where TZ is given as in (2.10), we have

((QT);* )(t)=_z A,(1) f(1)), (4.28)
where
AX(t, t)) .
L if t#t¢,,
24'(t)) /
A1) = j .
=9 (4 42 (1) o (4.29)
, if t=t,,
A1) !

in which (4¥)" (¢;) is (4.2) in Lemma 4.2 and
T—1 T—1 .
AX(T) — AX (1) cosT CSCT, if n=2m—1,
AX(t, t)= ; (4.30)
r—

[4%(z)—4 ()]COtT if n=2m.

Obviously, by Lemma 2.1 and Corollary 4.1,
pr((QT);") = [3(n—1)]. (4.31)

Hence, (4.28) is of trigonometric interpolation type (noting the number of
its nodes is n). This generalizes the result in [12].

ExaMpPLE 4.2. In the case given in Example 4.1, for simplicity, with
0=0, (4.29) becomes

2 t—t, t—t, 1—1 o
:[cosn( 5 ’)—cos 2"} cse 2’, if nis odd,

A;(t)= o ; " . (4.32)
(—1)-’n{coszl—cosztj} cotT’, if n is even,

and A;(¢;) =0. This is just the result given in [13] by S. Krenk.

5. CONVERGENCE

In this section, we discuss the convergence of the quadrature formulas
established above. Given a sequence {4,}, we obtain a sequence of quad-
rature formulas of interpolation type QZ”. If lim,, , ., RZ?f =0, we say it
is convergent for f. For example, (3.26) is convergent for any f'e AP(D,).



252 DU JINYUAN

In applications, we need to consider more general functions and weights.
We assume that the spaces considered are equipped with Chebyshev’s
norm, namely, the maximum of the absolute values of a function. We now
rewrite the coefficients H, of Q;” as H, ; to avoid confusion.

Obviously, the norm of the quadrature operator Q27 is

171 =% |H, . (5.1)

Jj=1

and the norm of the integral operator D is

D[ =DI. (5.2)

THeOREM 5.1. If [|Q”| = 0(n*) (0 <u < 1), then the sequence {Q:"} is
convergent for fe H5 (the class of functions with Hélder index p in H,,).
More precisely, |R2Pf|<12 (|D| + Q27 ) w(f, 1/m) for fe Cs,, where
w(f,-) is the modulus of continuity of f and m=[3(n—1)].

Proof. Denoting the best approximating trigonometric polynomial of
degree not greater than m of f by J,,, then | f—J,, || <12w(f, 1/m) by
Jackson’s theorem. Noting that QZ” is of interpolation type, we get
R!”f =(D—Q”)(f—J,), therefore [RZf| <12(|D] + Q") (£, 1/m).
Furthermore, lim,_, ., R??f =0 for /€ H4_ by noting that Q" | = o(n*).

Remark 5.1. If {QZ"} is a sequence of non-negative operators, i.e.,
H, ;20 (j=1,..,n), for example, the sequence of the quadrature formulas
with the highest trigonometric precision established in [1] ((3.26) is just a
special example), then [Q;”[|=3/_, H, ,=D1=|DJ|| holds and the
sequence is convergent for any f € C,,.

Now we discuss the convergence of the sequence {Q:}.
Lemma 5.1. If fe C,,, then w(F,h)<Cw(f’, h), where F is given in
(2.12) and C is a constant independent of h.

Proof. Assume h<m/4 first. When max{|4z|, [4t]} <h, we come to
estimate the difference AF = F(t + A7, t + At) — F(z, t).
When 0 <7 —1<m we set

=10 o,
F*(t,1)= T—1 (5.3)
f'(1), if 7=t

¢(x)=x cot x, —T<Xx<T. (5.4)
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It is easy to check

max [¢(x)| =1, max |¢'(x)| = |¢'(37)| <6 (5.5)
x| <(1/2) = |x| <(3/4) =
and
T—1
F(t,t)=2F*(t, 1) ¢ <2> (5.6)
Now we have, by Lemma 2 in [6],
[AF| <2([AF*[+6 | /'l h) <2(eo(f7, h) +6 | f']| ). (5.7)

When 7 <t —t<2nx, setting

OZJCTED e 2t (mod 27,

F*(r,t)= T—(2n+1) (58)
f(1), if 7=t (mod 2n),
we again have
Flz, 1) =2F*(z, 1) § <n—‘[2t>. (59)

Now working in a way analogous to that used above, we can show that
(5.7) still holds. From the property of the modulus of continuity,

Lo(/',n/4) _o(f' h)
2 w4 Tk

) (5.10)

We treat [’ #const (otherwise, f =const since f€ C,, and hence F=0,
which is the trivial case), therefore, by noting (5.7) and (5.10),

o(F, h)<Co(f', h) (h<m/4), (5.11)
where
B 3 |/
C_2{1+w(f’,n/4)] (5.12)
If h>n/4, then
417

w(F, h) <2||IF| < (S, h). (5.13)

o(f', n/4)
Therefore (5.11) is true for any 4.
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By this lemma, (4.11), and Theorem 5.1, we have the following theorem.

THEOREM 5.2. If [|Q2”| = 0(n*) (0 <p < 1), then the sequence {Q:2"} is
convergent for fe Hy" (the class of all functions [’ € H% ), ie., lim,_,
IRZ4f | =0. More precisely, |R2f| < 12C(ID + Q22 |) w(f", 1/m) for
[ €Cs,, where m=[%(n—1)] and C is 0 if f = const or as in (5.12) if not.

Remark 5.2. If {Qz”} is a sequence of non-negative operators, for
example, those established in [1] or (3.26), then {Q:"} is convergent for
any fe C,,.

The following lemma will be also used in the sequel (cf. [ 14, Hilfssatz 2,
Sect. 2, Kapitel 2]).

LemMa 5.2.  Suppose that f € C,,. If there exists a sequence of trigonometric
polynomials T, e H'(j=1, ..., ) such that

A
Hf—TnH<n% (A, =const, 0 <a<1), (5.14)

then

M[ﬁ“ﬁ]s%, (5.15)

where f,(t)=f(t)—T, (1), 0<f<aif O<a<l or O<f<lifa=1, 4, is
a constant only depending on o and B, and

MLff] = sup LS00

5.16

e—q=o lt—=1” ( )

TaroreM 5.3, If [(QL)2Y | = o(n*) (0<u<1) and pr((QL)*")=m=

[3(n—1)], then the sequence {(QL)Z"} is convergent for feH%, , ie.,
lim, . [(RL);*f| =0, where (RL);"f =Hf —(QL),"f.

Proof. Denoting the best approximate polynomial of degree not greater
than m of f by J,, and f,,(t) = f(zr) — J,,(7), then, by the Jackson theorem,
£ | <120( f, 1/m), and hence, for 0 <e&<pu,

|(Hf,)(0)] = |£,()(H1)(1) + j:” WOLSe) = ful)] cot - dr

1
<12 im0 ()

Jnﬂ W(T)M { (z=1) cot H} o

+
—n+t T—1 2
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1 24, ||w]| 7+ dr
<12|H1|w<f,m>+mi”f &

1—¢

—m4t |T_ t|
(by Lemma 5.2 and (5.5))
<12M[f, w] |[HI]| +47ISA2 [wll

(L

m*

(by (5.16)),

emt ¢
where A, is a constant only depending on x and ¢. Again

12ML £ 1] 1(QL) |

mt

QL) | < IQL)( 1 £l <

and, by pr((QL);") >m, (RL);"f = (RL);"f,,, we getlim, _ , |(RL);"f]|
=0.

CorOLLARY 5.1. If [(QT)? | =o(n") (0<u<1), then the sequence
{(QT)"} is convergent for fe HY .

Remark 5.3. Because the functions considered are periodic, for more
convenience, we regard 4 as the factor group (— oo, 4+ 00) mod 2z under
addition and equipped with the value |X| ., = |x,| for ¥ € #", where X is the
congruence class of x, x, the congruence point lying in [ —z, ). In general,
we use the symbol 7, to denote the congruence point of 7, lying in
[ —7m+1t n+1t). By this view, (A, |-|,) is a compact group, which will be
very convenient in the following example.

ExampLE 5.1. For the (QT)## given in Example 4.2, we can prove that
n—1

2 IA,,-(t)I‘ <4n’+81Inn, (5.17)

Jj=0

QT I <

hence, (4.28) is convergent for feH% . In fact, we rearrange {(¢),,
Jj=0,.,n—1} as {t¥ k=1, .., n}, according to

tE<tF< .o <tf. (5.18)
Obviously,
2
o —tr="" for k=1,.,n—1, (5.19)
n

and there exists an integer v such that

tr<t< ¥, . (5.20)
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with assumption F;(#)=0 if v<3 and f5(¢)=0 if v>n—23, we have, for
odd n,

2 . 1 . n—1 t—tF
|A,§?‘(t)|=—n ZSlnn+ (t—t,i“)smn (t—1tF) csc —=
n 4 2
t—tF t—tf .
<2 K cse 2" (by |sin nt| <n |1])
<z’ (5.21)

In the last inequality we have used
. 2 T
[sin x| =— | x| for |x|<=. (5.22)
n 2

Then, by (5.19) and (5.22),

V2| e n(t—1t¥) r—t¥ t—tf
Fi(t)=) {cos —cos —~ } csc — dx
k=1 fl/?‘ 2 2 2
[ I—Xx l_l*71
<2J csc dx=—41nc0tT”
—n+t
< —4lnsin~<4lnn (5.23)
2n
We obtain, in the same manner,
|F,|| <4Inn. (5.24)

For even n, by working in a similar way, (5.21) and (5.23)—(5.24) are again
obtained. Finally, (5.17) results from (5.21) and (5.23)—(5.24).

Remark 5.4. Tt is rather difficult to estimate the order of ||(QT)2”|| in
the general case.
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